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Abstract
We construct a separable metrizable countable-dimensional (respectively strongly countable-
dimensional) abelian topological group that contains all countable-dimensional separable metrizable
abelian topological absolute Gδ-groups (respectively all finite-dimensional separable metrizable
abelian topological absolute Gδσ -groups). A similar result is proved for separable metrizable abelian
topological group that are countable-dimensional with respect to integral cohomological dimension.
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1. Introduction
Universals objects in the category of metrizable separable topological groups are
constructed by Uspenskij [6,5] and in the category of metrizable separable topological
abelian groups by Shkarin [4].
The aim of this note is an attempt to construct universal objects in the category of
metrizable separable topological groups subject to some dimensional conditions.
By abusing the language, we say that a topological group is an absolute Gδ-group
(absolute Gδσ -group, etc.) if so is its underlying space.
A topological space is called (strongly) countable-dimensional if it is a countable union
of its (closed) finite-dimensional subspaces.
By dimZ the integral cohomological dimension function is denoted. We say that a
space is strongly countable-dimensional with respect to dimZ (more informally, strongly
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cohomologically countable-dimensional) if it can be represented as the union of countable
family of closed subsets of finite integral cohomological dimension.
The corresponding results that concern the category of all separable metrizable
topological (not necessary abelian) groups require different technique and will be
considered in forthcoming publications.
2. Preliminaries
2.1. Universal space for finite-dimensional and countable-dimensional spaces
By I we denote the segment [0,1] and by Q= Iω the Hilbert cube.
The following result is proved by Pol [2, Corollary 2.5].
Theorem 2.1. There exists a countable-dimensional Gδσ -set E in Q × I such that for
every countable-dimensionalGδσ -set G in Q× I there exists an irrational t ∈ I such that
G∩ (Q× {t})=E ∩ (Q× {t}).
We will use the following easy consequence of this theorem.
Theorem 2.2. There exists a countable-dimensional Gδσ -set E in Q × I such that for
every countable-dimensional Gδσ -set G in Q there exists an irrational t ∈ I such that
G× {t})= E ∩ (Q× {t}).
We will need also the following consequence of [2, Theorem 2.2].
Theorem 2.3. There exists a Gδ-set E in Q× I such that for every finite-dimensional Gδ-
set G in Q× I there exists an irrational t ∈ I such that G∩ (Q× {t})=E ∩ (Q× {t}).
2.2. Universal space for strongly cohomologically countable-dimensional spaces
Theorem 2.4. There exists a subset E in Q× I with the following properties:
• E is strongly cohomologically countable-dimensional Gδ-set;
• for every Gδ-set G ⊂ Q of finite integral cohomological dimension there exists an
irrational t ∈ I such that G∩ (Q× {t})=E ∩ (Q× {t}).
Proof. Analyzing the proof of Theorem 2.2 from [1] we see that for every n there exists a
Gδ-subset En of the product C ×Q (here C is the standard Cantor set in [0,1]) with the
following properties:
(1) dimZEn = n;
(2) for every Gδ-set G⊂Q with dimZG n there exists t ∈ C such that G∩ (Q×{t}) =
En ∩ (Q× {t}).
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There exist embeddings fn of C into the set of irrationals in [0,1] such that the set⋃
n∈ω fn(C) is a Gδ-subset of [0,1].
Then E =⋃n∈ω(1Q× fn)(En) is as required. ✷
3. Construction
Let U denote a universal separable metrizable topological abelian group endowed with
an invariant metric  (see [4]). By e the unit element of U is denoted. Let P denote the set
of irrationals in the segment (0,1).
Consider the following metric d on the quotient space X = (U×P)/{e}×P (we denote
by [x, t] the image of (x, t) ∈ U × P under the quotient map q):
d
([x1, t1], [x2, t2])= (x1, x2)+ |t1 − t2|(min{(e, x1), (e, x2)}).
Note that the metric d is a continuous metric on X. In the sequel, we consider on X the
topology induced by this metric.
Let V = {Vi | i ∈ N} be a countable base of clopen subsets in P . For every Vi ∈ V
consider a copyUi of the topological groupU and define the map f = (fi) :X→⊕i∈NUi
by the formula
fi
([x, t])= {x, if t ∈ Vi,
e, if t /∈ Vi.
Denote by Y the group hull of f (X) in
⊕
i∈NUi and let An = n(f (X))\ (n−1)(f (X))
(thus, An consists of words of length precisely n with respect to the set of generators f (X);
note that f (X) is the union of subgroups of
⊕
i∈NUi ).
Note that algebraically Y is the direct sum of the subgroups f (q(U × {t}), where
t ∈ P . Indeed, define the natural map h :⊕t∈P Ut → Y by the formula h((gt )t∈P ) =∑
t∈P f ([gt , t]). Obviously, h is an epimorphism. To prove that h is a monomorphism,
suppose that h(a)= 0, where a = (gt )t∈P . Let {t1, . . . , tk} = {t ∈ P | gt = 0} (we suppose
that |{t1, . . . , tk}| = k). Choose mutually disjoint neighborhoods Vn1, . . . , Vnk ∈ V of
t1, . . . , tk , respectively. Then gti = prni (h(a)) = 0 for every i , and therefore a = 0 (by
prj the projection of
⊕
i∈NUi onto Uj is denoted).
We will need the following property of An.
Proposition 3.1. The space An is a countable union of closed sets homeomorphic to
products of n closed subspaces of X.
Proof. Let a = y1 + · · · + yn ∈ An, where yi = f ([gi, ti]). Obviously, |{t1, . . . , tn}| = n.
Choose disjoint neighborhoods Vl1, . . . , Vln of t1, . . . , tn, respectively. We are going to
show that the natural map
m :
n∏
i=1
(
U \ {0} × Vli
)→An,
m
([h1, s1], . . . , [hn, sn])= n∑
i=1
f
([hi, si ]),
is a homeomorphism.
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Since m is continuous and bijective, we need to prove that m−1 is continuous. Suppose
the contrary, then there exists a sequence (aj )∞j=1 converging to a and satisfying the
following property: no subsequence of the sequence (m−1(aj ))∞j=1 converges to m−1(a).
Then for every i = 1, . . . , n the sequence (prli (aj ))∞j=1 converges to prli (a)= gi and, since
gi = 0, without loss of generality, we can suppose that prli (aj ) = 0 for all j . Therefore,
since aj ∈An and the sets U \ {0}×Vli are disjoint for i = 1, . . . , n, we see that aj can be
written in the form yj1 + · · · + yjn ∈An, where yji = f ([gji, tj i ]) and tj i ∈ Vli .
Now suppose that no subsequence of the sequence (tji)∞j=1 converges to ti . Passing
to a subsequence if necessary, we can assume that there is a neighborhood Vm1 ⊂ Vl1 of
t1 in P that does not contain elements of the sequence (tj1)∞j=1. Then we subsequently
apply the same procedure to obtain a neighborhood Vmi ⊂ Vli of ti in P , i = 2, . . . , n,
that does not contain elements of the sequence (tji)∞j=1. Then for every i = 1, . . . , n we
have prmi (aji)= 0 which contradicts to the fact that limi→∞ prmi (aji)= prmi (aji) = gi .
Thus, passing to a subsequence, if necessary, we can assume that limj→∞ gij = gi and
limj→∞ tij = ti for every i = 1, . . . , n.
Finally, we see that, for the obtained subsequence (for which we preserve the denotation
(aj )
∞
j=1, we have m−1(aj )= ([gj1, tj1], . . . , [gjn, tjn]) and
lim
j→∞m
−1(aj )=
([g1, t1], . . . , [gn, tn]),
a contradiction.
Let W be a neighborhood of the neutral element in U . It is easy to see that for disjoint
sets Vl1, . . . , Vln ∈ V the set m(
∏n
i=1(U \W)× Vli ) is closed in An.
Let W be a countable base of neighborhoods of the neutral element in U . Then
An =
⋃{
m
(
n∏
i=1
(U \W)× Vli
) ∣∣∣∣∣W ∈W, Vl1, . . . , Vln ∈ V are disjoint
}
. ✷
Proposition 3.2. The subspace nf (X) is closed in Y for every n.
Proof. Let a ∈ Y \ nf (X), then a = ∑mi=1 f ([gi, ti ]), where gi = 0 for every i =
1, . . . ,m and |{t1, . . . , tm}| = m > n. Choose disjoint neighborhoods Vl1, . . . , Vln ∈ V in
P of the points t1, . . . , tn, respectively. Then prli (a) = gi for every i = 1, . . . ,m. Then⋂m
i=1 prli (U \ {0}) is a neighborhood of a that does not intersect nf (X). ✷
The following proposition is a consequence of Propositions 3.1 and 3.2.
Proposition 3.3. The space Y is the countable union of closed subspaces homeomorphic
to finite products of closed subspaces of X.
4. Main results
Theorem 4.1. There is a countable-dimensional separable metrizable abelian group G
with the following property: every countable-dimensional separable metrizable abelian
absolute Gδσ -group can be isomorphically embedded into G.
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Proof. Embed the universal abelian separable metrizable group U into the Hilbert cube Q
(see [4]). By Theorem 2.1, there exists a countable-dimensional Gδσ -set E in Q× I such
that for every countable-dimensional Gδσ -set G in Q× I there exists an irrational t ∈ I
such that G∩ (Q× {t})=E ∩ (Q× {t}). Put
E′ =
⋃{
B × {t} | t ∈ P, B × {t} = E ∩ (Q× {t}), B is a subgroup of A}.
Apply the construction of Section 3. The subspace X′ = q(E′) of X is countable-
dimensional. Proposition 3.3 implies that the group hull G of X′ in
⊕
i∈NUi is
homeomorphic to the countable union of closed subsets homeomorphic to finite products of
closed subsets of X′. Thus, G is countable-dimensional. Besides, G contains a topological
copy of every separable metrizable countable-dimensional absolute Gδσ -group. Indeed,
suppose H is such a group. Then there is a subgroup of A topologically isomorphic to
H and therefore there is t ∈ P such that H × {t} ⊂ E′. Then the map h → f ([h, t]) is a
topological isomorphism of H onto a subgroup of Y . ✷
Note that the class of separable metrizable countable-dimensional absolute Gδσ -groups
contains, in particular, free topological abelian groups of countable-dimensional separable
metric absolute Gδσ -spaces (X,d) endowed with invariant metric inducing original
topology on X. This metric, dˆ , can be defined by the formula
dˆ
(
n∑
i=1
xi,
m∑
j=1
yj
)
= sup
{∣∣∣∣∣
n∑
i=1
f (xi)−
m∑
j=1
f (yj )
∣∣∣∣∣f : (X,d)→R is nonexpanding
}
.
Indeed, suppose that X is countable-dimensional. Denote by B a countable base of
topology on X and, for every k ∈N, denote by Bk the family{
(U1, . . . ,Uk) |Ui ∈ B, Ui ∩Uj = ∅ for every i = j, i, j = 1, . . . , k
}
.
Let Sk denote the set of all sequences of nonzero integers of length k. For every
(n1, . . . , nk) ∈ Sk and (U1, . . . ,Uk) ∈ Bk let
Y
(
(n1, . . . , nk); (U1, . . . ,Uk)
)= {n1x1 + · · · + nkxk | xi ∈Ui, i = 1, . . . , k}.
Since the map (x1, . . . , xk) → n1x1 + · · · + nkxk homeomorphically maps U1 × · · · × Uk
onto Y ((n1, . . . , nk); (U1, . . . ,Uk)), the latter space is countable-dimensional. Finally,
A(X)= {0} ∪
⋃{
Y
(
(n1, . . . , nk); (U1, . . . ,Uk)
) |
(n1, . . . , nk) ∈ Sk, (U1, . . . ,Uk) ∈ Bk, k ∈N
}
is also countable-dimensional.
Similarly, one can construct examples of strongly (cohomologically) countably-
dimensional abelian topological groups.
Theorem 4.2. There is a strongly countable-dimensional separable metrizable abelian
groupG with the following property: every finite-dimensional separable metrizable abelian
absolute Gδ-group can be isomorphically embedded into G.
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The proof of Theorem 4.2 coincides with that of Theorem 4.1 with the only exception:
Theorem 2.3 should be used instead of Theorem 2.1.
Theorem 4.3. There is a strongly cohomologically countable-dimensional separable
metrizable abelian group G with the following property: every separable metrizable
abelian absolute Gδ-group of finite integral cohomological dimension can be isomorphi-
cally embedded into G.
The proof of Theorem 4.3 repeats that of Theorem 4.2 and is based on Theorem 2.4.
5. Open problems
The construction does not allow us to determine the Borel type of the obtained
topological groups. This immediately leads to the following questions.
Question 5.1. Can we make G to be absolute Gδσ in theorems?
Question 5.2. Is there a countable-dimensional separable metrizable topological abelian
group that contains topologically every countable-dimensional separable metrizable
topological abelian group?
Question 5.3. Is there a strongly countable-dimensional separable metrizable topological
abelian group that contains topologically every finite-dimensional separable metrizable
topological abelian group?
One could conjecture that a strategy to answer Question 5.3 could be the following: em-
bed any n-dimensional separable metrizable topological abelian group into n-dimensional
separable metrizable topological abelian absolute Gδ-group and apply Theorem 4.2. How-
ever, as Shakhmatov [3] remarked, there exists 0-dimensional topological group H such
that every absolute Gδ topological group that contains H is infinite-dimensional.
Question 5.4. Is there a strongly countable-dimensional separable metrizable topological
abelian group that contains topologically every strongly countable-dimensional separable
metrizable absolute Gδσ topological abelian group?
Question 5.5. Are there analogs of Theorems 4.1 and 4.2 in the categories of topological
metrizable abelian groups of given weight?
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